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THE [ni,n2,... ,n^]-TH REDUCED KP 
HIERARCHY AND Wi+^ CONSTRAINTS 



^ ■ JOHAN VAN DE LEUR 

a^ 

Abstract. To every partition n = ni + n2 + • • • + n^ one can associate a vertex operator 

^ ■ realization of the Lie algebras Ooo and gl^. Using this construction we obtain reductions 

O \ of the s-component KP hierarchy, reductions which are related to these partitions. In this 

| /^ i ■ way we obtain matrix KdV type equations. We show that the following two constraints on 

^— V \ a KP T-function are equivalent (1) r is a r-function of the [ni,n2, . . . ,ns]-th reduced KP 

hierarchy which satisfies string equation, L-it = 0, (2) r satisfies the vacuum constraints of 

the Wi-\-oo algebra. 



The results of this paper were presented at the V International Conference on Mathematical 

Physics, String Theory and Quantum Gravity at Alushta, June 10-20 1994 and at the 

■^ ! Oberwolfach conference on Integrable Systems from a Quantum Point of View, June 19-25 

1994. A longer edition of this paper [V], containing more details and proofs, will appear 



a^ 



^ . elsewhere. 



Qh! §1. ttoo and the KP hierarchy in the fermionic picture [KV]. 



c^ 



Consider the infinite dimensional complex Lie algebra aoo := g^oo ©Cc, where 



X ■ 9loo = {a= {a,j)^^^^^^i I ttij = if |z - jl >> 0}, 

with Lie bracket defined by 

(1.1) [a + ac, b + (3c] = ab — ba + fj,{a, b)c, 



for a,b E gloo and a, (3 E C. Here n is the following 2-cocycle: 

(1.2) fi{E,j, Eki) = 5,i5,k{0{i) - 9{j)), 

where Eij is the matrix with a 1 on the {i,j)-th entry and zeros elsewhere and 9 : 
is the step-function defined by 



(1.3) e{i) :- 



if z > 0, 

1 if z < 0. 
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Let C°° = g2+i '^^j ^^ ^^^ infinite dimensional complex vector space with fixed basis 
{'^j}j6Z+i- The Lie algebra aoo acts linearly on C°° via the usual formula: 

Eijivk) = SjkVi. 

Let C£ be the Clifford algebra with generators ifj^, z G Z + i, A, /U = +, — , satisfying the 
following relations: 

(1-4) V'.'V'^ + V';^.— 5a,-A-.- 

We define an irreducible C£-module F by introducing a vacuum vector |0) such that 

(1.5) Vf |0) = Ofor j >0. 

Define a representation f of aoo on F by 

f{E^j) =: ipZiipj :, r{c) = I, 
where : : stands for the normal ordered product defined in the usual way (A, /U = + or — ): 

Define the charge decomposition 
(L7) ^ = ^^""^ 

m6Z 

by letting 

(1.8) charge(|0)) = and charge('i/'- ) = ±1. 

It is easy to see that each F^^^ is irreducible with respect to aoo- 

We are now able to define the KP hierarchy in the fermionic picture, it is the equation 

(1.9) Yl ^t^^i^-kr = 0, 

fcez+i 

for r G F^'^' . One can prove (see e. g. [KP2] or [KR]) that this equation characterizes the 
group orbit of the vacuum vector |0) for the the group GLoo- Since the group does not 
play an important role in this paper, we will not introduce it here. 



THE [ni,n2,... ,ns]-TH REDUCED KP HIERARCHY AND M^i+oo CONSTRAINTS 3 

§2. Vertex operator constructions. 

We will now sketch how one can construct vertex realizations of the affine Lie algebra 
gl^, following [TV] (see also [KPl] and [L]). From now on let n = ni + n2 + ■ ■ ■ + n^ 
be a partition of n into s parts, and denote by Na = ni + n2 + ■ ■ ■ + ria-i- We begin 
by relabeling the basis vectors Vj and with them the corresponding fermionic operators: 

(1 < a < s, 1 < p < n„, J G Z) 

(a) _ 

(2 1) th^''"'^ = ih^ 

Notice that with this relabeling we have: V'fc |0) = for k > 0. We also rewrite the -E^j's: 



thenf(E^^f^)=:C-"Vi^':- 

Introduce the fermionic fields (z G C' 



(2.3) ^^^^\z)':^' J2 ^t 



4£f 'S:^ j±{a)^-k-^ 



fcez+i 



Let N be the least common multiple of ni, n2, . . . ,ns. It was shown in [TV] that the 
modes of the fields 

(2.4) : iP+^''\ujlz^)^-^^\ujlz^b) :, 

for 1 < a, 6 < s, 1 < p < Ua, 1 < Q < rih, where uja = e^'^'/"^'", together with the identity, 
generate a representation of gl^ with center K = 1. It is easy to see that restricted to 
gl^, F(°) is its basic highest weight representation (see [K, Chapter 12]). From (2.4) it is 
obvious, that if we obtain vertex operators for the fermionic fields ^^^""'{z)^ we also have 
a vertex operator realization of gl^. 

Next we introduce special bosonic fields (1 < a < s): 

(2.5) a^''\z) ^ Y.'^t^^'^'^ '-'■ V'+^"^(^)V'"^"^(^) : • 

kei 

The operators aj^ satsify the canonical commutation relation of the associative oscillator 
algebra, which we denote by a: 

(2.6) [a'j;\a'f^]=kd,,dk,-i, 
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and one has 

aj! \m) = for /c > 0. 

This reahzation of gl^, has a natural Virasoro algebra. In [TV], it was shown that the 
following two sets of operators have the same action on F. 

(2.7a) L.^±l^±:a^a^U:+6j^}, 

(2.7b) «* = E{ E (;r + 1) ^ ^^'^IZ. ■ +^-^}. 



^=1 jez+i 



So Lk = Hk, 



(2-8) \L<^-^"']--(i + '^^S... 



and 



k'^ — k 

[Lfc, L^] = (/c - £)La:+^ + 5k -i> n. 



We will now describe the s-component boson- fermion correspondence (see [KV]). Let 

C[x] be the space of polynomials in indeterminates x = {x^ }, /c = 1, 2, . . . , z = 1, 2, . . . , s. 
Let L be a lattice with a basis Si, . . . ,6s over Z and the symmetric bilinear form {6i\6j) = 
dij, where dij is the Kronecker symbol. Let 

f -1 if z > ?■ 
<^-«' ^« = |l ii^<J. 

Define a bimultiplicative function e : L x L — >{±l}by letting 

(2.10) e{5,,5j)=e,j. 

Let 5 = 5i + ... + 5s, Q = {'J e L\ {5\'y) = 0}, A = {aij := 5i - 5j\iJ = 1,... ,s, i^ j}. 
Of course Q is the root lattice of sis (C) , the set A being the root system. 

Consider the vector space C[L] with basis e''', 7 G L, and the following twisted group 
algebra product: 

(2.11) e"e^=£(a,/?)e"+^. 

Let B = C[x] (8>c C[L] be the tensor product of algebras. Then the s-component boson- 
fermion correspondence is the vector space isomorphism 

(2.12) a:F^B, 
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given by cr(|0)) ~ 1 and 

oo oo o _/j 

(2.13) aV'±^«)(^)a-i = e±^^z±^'^exp(±^4")^'=)exp(T5^-^^), 

k=l k=l '^^k 

where 

(2.14) 6aip{x) (g) e^) = {Sah)p{x) (g) e\ 
The transported charge then is as foUows: 

charge(p(a;) ® e^) = (5|7). 
We denote the transported charge decomposition by 

B= 0S("^\ 

The transported action of the operators ctm is given by 

aa_l^a~^{p{x) (X> e"*") = mxii p{x) (X> e'^, if m > 0, 

(2.15) <[ aaii^a-\p{x) e^) = §g^ ® e^, if m > 0, 
(TttQ (j~-'-(p(x) (g) e'^) = {dj\'j)p{x) eg) e'''. 

If one substitutes (2.13) into (2.4), one obtains the vertex operator reahzation of gl^ 
which is related to the partition n = ni + n2 + ■ ■ ■ + Ug (see [TV] for more details). 

Using the isomorphism a we can reformulate the KP hierarchy (1.9) in the bosonic 
picture. 

We start by observing that (1.9) can be rewritten as follows: 

s 

(2.16) Res^=o dz{J2i^^^^Hz)T ^ ij-^^\z)T) = 0, r G F'^^\ 

i=i 

Notice that for r G F^^\ a{T) = '^^(^QT'y{x)e~'. Here and further we write Tj{x)e'^ for 

Tj (g) e'^. Using (2.13), equation (2.16) turns under a O a : F O F ^^ C[x', x"] O {C[L'] O 
C[L"]) into the following set of equations; for all a,(3 E L such that {a\d) = —{(3\d) = 1 
we have: 

s 

i=i 
xexp()_^(4^^ -4^^ )^fc)exp(-)_^(-^-^--^-^)-^) 

fc=l fc=l '^^A; '^^A; 

r„_..(a;')(e")V;3+5,(a;")(e^)")=0. 
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§3. The algebra of formal pseudo-differential operators and the s-component 
KP hierarchy as a dynamical system [KV]. 

We proceed now to rewrite the formulation (2.17) of the s-component KP hierarchy in 
terms of formal pseudo-differential operators, generalizing the results of [DJKM] and [JM]. 
For each a e supp t := {a E Q\t = '^^^q TaC", Tq 7^ 0} we define the (matrix valued) 
functions 

(3.1) V^{a,x,z) = {Vr^{a,x,z))l^^, 

as follows: 

y±(a, X, z) ^^' £(5„ a + S,)z^'^\^"+'^-'^^ 

k=i k=i ^^fc 

It is easy to see that equation (2.17) is equivalent to the following bilinear identity: 

(3.3) ReSz=QV~^{a,x, z) ^V~ {(3, x , z)dz = for all a, (3 E Q. 
Define s x s matrices VF^*-"^''(a, x) by the following generating series (cf. (3.2)): 

(3.4) Y. <^^^(«,^)(±^)-^ = ^..^'--'(expT$]-^^)r«±(5.-5,)(x))/r«(x). 

m=0 k=l ^^k 

We see from (3.2) that V (a^ x, z) can be written in the following form: 



(3.5) V^{a,x,z) = {J2 W^^'^\a,x)R^{a,±z){±z)-'^)e 

where 



Z ' X ^ ^ rpY } yk pZ-X __ fjjfif~i(pZ'X pZ-X 



k=\ 
and 

s 

(3.6) i?±(a,^) =5^£(5„«)£;,,(±^)±(^^l-). 



i=\ 



Here and further Eij stands for the sx s matrix whose (i, j) entry is 1 and all other entries 
are zero. Let 

O = Tyy + . .. H j-y, 

dxl ' dx^' 
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we can now rewrite V^{ajXj z) in terms of formal pseudo-differential operators 

CXD 

(3.7) P±(a) = P^{a,x,d) = Is+ J2 W^^'^Ha,x)d-'^ and R^{a) = R^{a,d) 

as follows: 

(3.8) y±(a, X, z) = P±(a)i?±(a)e±"-". 

As usual one denotes the differential part of P{x, d) by P+{Xj d) = J2j=o ^ji^)^'^ ^ ^^^ 
writes P- = P — P+. The linear anti-involution * is defined by the following formula: 

(3.9) (^p,a^r = ^(-a)^o*p,. 

Here and further *P stands for the transpose of the matrix P. Then one has the following 
fundamental lemma (see [KV]): 

Lemma 3.1. If P, Q E "^ are such that 

Res,=o{P{x,d)e'-'') \Q{x' ,d')e-'-''')dz = 0, 
then {PoQ*)_ = 0. 

Using this Lemma, Victor Kac and the author showed in [KV] that given (3 G supp r, 
all the pseudo-differential operators P^(a), a E supp r, are completely determined by 
P~^{f3) from the following equations 

(3.10) R-{a, d)-^ = R+{a, 9)*, 

(3.11) p-(a) = (P+(a)*)-\ 

(3.12) {P+{a)R+{a-/3)P+{/3)-^)^ = for all a, /3 E supp r. 

They also showed the following 

Proposition 3.2. Consider V~^ {a, x,z) and V~ {a,x, z), 

a E Q, of the form (3.8), where R'^{a,z) are given by (3.6). Then the bilinear identity 

(3.3) for all a, (3 E supp r is equivalent to the Sato equation: 

r)P 

(3.13) -—- = -{PE,,od^op-^)_oP 

ox)^' 
for each P = P~^{a) and the matching conditions (3.10-12) for all a,l3 E supp r. 

Fix a E Q, introduce the following formal pseudo-differential operators L{a), C'^^\a), 
and differential operators Bii {a): 

L = L{a) = P+{a) o 9 o P+{a)-\ 

(3.14) C^^') = C^^\a) = P+{a)E^jP+{a)-\ 

Bii> ^ B^£{a) = iP+ia)E,, o d^ o P+ia)-') + . 
Then 

s 

(3.15) ^C« = /,, C^^^L = LC^'\ c^i)c^j) = d,jC^'\ 

i=l 
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Proposition 3.3. If for every a E Q the formal pseudo- differential operators L = L{a) 
and C^^^ = C^^\a) of the form (3.14) satisfy conditions (3.15) and if the equations 



(3.16) 



( LP = Pd 

<j{i)p ^ p^ 

dP 



dx 



(^) 



^L^i)k^_P, where L^'^ = C^'^L. 



?(j) _ r(j)/ 



have a solution P = P+(a) of the form (3.7), then the differential operators B^' = B^'{a) 
satisfies the following conditions: 



(3.17) 



dL 



iU) 



dx,^ 



ij) 



dx 



(j) 






Finally, we introduce one more pseudo-differential operator 



(3.18) 

Then 

(3.19) 



M{a) := P{a)R{a) ^ ^ kxi^h^-^EaaR{a)-^P{a)-\ 



a=l fc=l 



M{a)V+{a,x,z) 



dV~^{a,x,z) 
dz 



and one easily checks that [L{a),M{a)] = 1 

§4 . [ni, n2, . . . , ris] -reductions of the s-component KP hierarchy. 

If one restricts the, to the partition n = ni + n2 + ■ ■ ■ + Ug related, vertex operator 

construction of gl^ in the vector space B^'^^ to s/^, the representation is not irreducible 

anymore. In order to obtain irreducible representations of sin, one has to 'remove' all 
elements 



(4.1) 



1=1 



41, kez. 



Hence, a KP r-function is an sin r-function if 



(4.2) 



E 



dr 






0, for all ken. 



d^, 


— V y 








Qia)- = 


= 0, 




Q{a) 


s 


.^0-). 




j=i 
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We will call this the [ni,n2, ... ,ns]-th reduced KP hierarchy. Using the Sato equation 
(3.13), this implies the following two equivalent conditions: 

j=i 

(4.3) 
where 

(4.4) 



§5. The string equation and VFi+oo constraints. 

From now on we assume that t is any solution of the KP hierarchy. In particular, we no 
longer assume that Tq is a polynomial. Of course this means that the corresponding wave 
functions y^(a, x, z) will be of a more general nature than before. 

Let L-i be given by (2.7a), the string equation is the following constraint on r G F^^': 

(5.1) L_ir = 0. 

Using (2.15) we rewrite L_i in terms of operators on B^'^>: 

s ^ ria — 1 ^ OO p. 

a=l "■ p=l "■ fc=l '^Xf^ 

Since r = XlaeQ^"^"' ^^ ^^^ ^^^^ -^-i^a = for all a E Q. Using a calculation similar 
to the one in [D], one deduces from (5.1) that 

(5.2) A^(a)_=0, 
where 

s 1 _ 1 

(5.3) N(a) := V { — M(a)L(a)i-"''C("Ha) - — -Lia^'^C^'^Ua)}. 

a=l 

Hence N{a) is a differential operator that satisfies 

[g(a),iV(a)] = l. 

From now on we assume that t is a r-function of the [ni,n2,... ,ns]-th reduced KP 
hierarchy, which satisfies the string equation. So, we assume that (4.2) and (5.1) holds. 
Hence, for all a G supp r both Q{Qi) and N{a) are differential operators. Thus, also 
N{aYQ{a)'^ is a differential operator, i.e., 

(5.4) ((^1— M(«)L(a)i-"" - ^^^ L(a)-'^")PL(a)'?""C(")(a))_ =0 forp,qeZ+. 

a=l 

This leads to 
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Lemma 5.1. For aUp,q G Z_|_ one has 

(5.5) Res,=odz ^ 2«^- (— ^^^^ —z'-^^)PV+{a, x, z)E^^^V-{a, x' , z) = 0. 



a=l 



'ria dz 



Taking the (z, j)-th coefficient of (5.5) one obtains 
Corollary 5.2. For all I < i,j < s and p,q E Z+ one has 

(5.6) Res,^odzy2z'^'''^{—z'^-^z'^rilj+^''\z)r^+s^-s^^^-^''\z)T^+s^.s, = 0. 

■^ Ha OZ 

a=l 

Let 



a=l 









a=l 



(5.7) =^f(t^^(_A^(A)P)ti^)e„J where A„ = r% 



a=l 



and 



(5.8) -^'^'(|)'^^^ = E -^(^ - 1) ■ ■ ■ (m - £ + l)i?it-.-i,-.-i- 

Using a generalization of an identity of Date, Jimbo, Kashiwara and Miwa [DJKM3] (see 

also [G], [V]), (5.6) is equivalent to 

(5.9) 

s 

Res,=orf2/$^V'+^"ny)<^p'^T«+5.-5.(^)e"+'^"'''V'-^"ny)Va+5.-5,(^')(e"+''""'0' = 0. 

a=l 

If we ignore the cocycle term for a moment, then it is obvious from (5.7), that the 

elements Wjf are the generators of the W-algebra VFi+oo [Ra], [KRa] (the cocycle 

term, however, will be slightly different) . Upto some modification of the elements W^ , 
one gets the standard commutation relations of VFi+oo, where c = nl. 

As the next step, we take in (5.9) x)^ = x^ , for all /c G N, 1 < i < s, we then obtain 



(5.10) { ^^1 



Tc+S^-S, W^g-p^Va = TcWlf-p^^Tc,+Si-5, if i + j- 
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The last equation means that for all a, /3 G supp r one has 



(5.11) 






Next we divide (5.9) by Tct{x)Tc({x'), of course only for a G supp r, and use (5.11). Then 
for all a, (3 E supp r and p,q E Z+ one has 



a=l 






V^-(")(^)Vo+^.-^.(^0, ..+,„-,, V 



Ta(x') 

Since one also has the bilinear identity (3.3), we can subtract that part and thus obtain 
the following 

Lemma 5.3. For all a, (3 E supp r and p,q E Z_(_ one has 



a=l k= 



{ k dxi^^ Mx) 



Tcix) Ta{x') 



Define 



g(/J,p,,,.,.):=^{exp(-^^-^)-l}( ^-; J^ ^ )K.. 

Notice that the first equation of (5.10) implies that d o S'(/9, p, q, x, d) = S{(3j p, q, x, d) o d. 
Then viewing (5.12) as the (z, j)-th entry of a matrix, (5.12) is equivalent to 

(5.13) Res^=odzP+{a)R+{a)S{l3,p,q,x,d)e'-^ *(p-(a)'i?-(a)'e-^'-^) = 0. 
Now using Lemma 3.1, one deduces 

(5.14) (P+(a)i?+(a)^(/3,p, q, x, d)R+{a)-^P+{a)-^)- = 0, 
hence 

P+{a)S{P,p,q,x,d)P+{a)-^ = {P+{a)S{P,p,q,x,d)P+{a)-^)- = 0. 
So 5'(/3, p, g, x,d) = and therefore 
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From which we conclude that 



(5.15) ^q-p '/3 ~ constant Tp for all p, g > 0. 

In order to determine the constants on the right-hand-side of (5.15) we calculate the Lie 
brackets 

(5.16) [W^-l ^W^'-l+i^^P = 0- 



Notice that the right-hand-side of (5.16) is equal to 



Now using (1.2-3), (2.2) and (5.8) we thus obtain the main result, generalizing some of the 
results of [FKN], see also [AV]: 

Theorem 5.4. The following two conditions for t E F^'^'> are equivalent: 

(1) T is a T -function of the [ni,n2, . . . ,ns]-t/i reduced s-component KP hierarchy which 
satisfies the string equation (5.1). 

(2) For allp,q>0: 

(5.17) iwl^'_l'^ + 6p,Cp+,)T = 0, 

where 



1 s ni, 



?l;,-2j + l 



and {k)i = k{k - l){k - 2) ■ ■ ■ {k - i + 1) 
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